Nomenclature

B
= magnetic field vector E = electric field vector k = Boltzmann's constant L = axial scale length of simulation domain n = background neutral particle density r = radial coordinate, with r = 0 being the thruster centerline V e = mean electron velocity V E = component of velocity along E V B = component of velocity along B V ExB = component of velocity along E x B x = x-coordinate (parallel to exit plane of thruster) y = y-coordinate, with y = 0 defining a plane which intersects the thruster centerline and cathode exit z = axial coordinate, with z = 0 being the exit plane β = the ratio of V E to V ExB β'
= the ratio of the average of V E to the average of V ExB θ = angle cathode centerline makes in x-z plane, with θ = 0 along positive x ν e = electron collision frequency 1 Graduate Research Assistant, Mechanical Engineering Department, awsmith@stanford.edu. 2 Professor, Mechanical Engineering Department, cap@stanford.edu. 
I. Introduction
he behavior of the electron current emitted from the cathode of Hall plasma accelerators is still poorly understood. In a typical co-axial E x B Hall thruster (see Fig. 1 ), approximately 90% of the electron current leaving the cathode serves to neutralize the ion beam, while the remaining 10% migrates into the thruster to service the discharge. How electrons migrate across the magnetic field in the near-field (the region between the cathode plane and the discharge channel exit) and reach the anode is the subject of much research. In simulating this region, a Bohm-model for the electron mobility is often assumed 1, 2 although no direct evidence exists linking transport to plasma fluctuations. However; transport due to strong field nonuniformities (in both E and B) and collisions with the thruster frontface (within the thruster, such transport is often referred to as near-wall conductivity 3 ) also likely play a role. To determine the extent to which each of these factors drive transport in the near field requires an examination of the dynamics of electrons under the influence of the field geometry typically found near the channel exit. This paper provides initial insight into this behavior, and shows that the non-uniform field structure (e.g. the convergence of B-field lines along the central axis) combined with collisions with the thruster face may play a significant role in driving the observed crossfield transport seen in this region of these plasma devices.
Among the most frequently utilized tools for simulating the discharge and near-field region of Hall thrusters are quasi-neutral hybrid-PIC (Particle-In-Cell) methods in which the electrons are modeled as a fluid and the ions and neutrals are treated kinetically as particles.
4-7 Such simulations proceed self-consistently with the ion movement influenced by the electric potential, derived from an equation for the average electron velocity, assuming some constitutive relation for the cross-field electron current. Experiments suggests that the mobility observed inside the discharge channel and near-field is anomalous (i.e., cannot be accounted for by classical electron collisions), 3, 8, 9 and these simple models often resort to the use of ad-hoc transport descriptions such as an electron mobility that scales as B -1 , in accordance with the model of Bohm, 10 or equivalently, a constant effective Hall parameter, ω c τ eff . While, in some cases, one can surmise that secondary electron emission from the dielectric (typically boron nitride -BN) walls of the discharge channels may impact the axial transport of electrons to the anode, in the near-field, as mentioned above, the front-face of the thruster is the only confining wall, and the importance of collisions with this surface remains to be investigated fully.
Here, we show that anomalous transport in the near-field can be accounted for by the behavior of electron motion in static, non-uniform electric and magnetic fields, with collisions playing an important role. Electrons which eventually leave the domain at the channel are found to suffer ~10 3 3 which leave the domain elsewhere in the plume. These plume-bound electrons rarely suffer a collision with the thruster, leaving the domain as a result of their initial velocity and the character of the E and B fields. Additional particle-background gas collisions are found to have a relatively minor effect on the bulk transport, even when allowed to occur at artificially-high rates. While the simulations presented herein are for a particular laboratory thruster, the field non-uniformities and collisions considered are common to the discharges of all modern Hall thruster sources.
II. Simulation
Our study focuses on computing discrete particle trajectories of single electrons in practical Hall thruster configurations. While, in principle, full PIC simulations can be carried out with the simultaneous dynamical tracking of a large number of super-particles (electrons and ions) allowing for the electric potential to be solved for selfconsistently; such simulations are still intractable for the full geometry of a typical Hall thruster. Instead, we prescribe the electric field distribution, allowing for a relatively smaller number of particles to be considered. At present, some of our simulations include collisions between the electrons and background gas by assuming that they result in elastic collisions at a prescribed rate. Electron scattering events with external thruster walls are accounted for, and the location and frequency of these events are catalogued. A uniform sheath is assumed on the external surfaces of the thruster exit of thickness 1 mm, and potential drop of 15 V. A small additional subset of simulations investigate how the wall collision model (e.g. diffuse versus specular) impacts near-field transport.
The results presented here are dependent on knowledge of the spatial variation in the electric field in the nearfield of the thruster. One avenue for obtaining this field is from hybrid-PIC simulations which extend into the nearfield region, such as those presented by Capitelli et al. 11 Some measurements of the plasma potential in the nearfield and plume of Hall thrusters exist in the literature. [12] [13] [14] [15] [16] At this time, however, sufficiently extensive measurements of the near-field plasma potential for the particular thruster simulated here is not yet available. Our simulations therefore use an electric potential that is adapted to our thruster geometry from the hybrid simulations of a slightly different thruster, described in Refs. 11 and 16. The potential of Refs. 11 and 16 is scaled to match that measured at the exit of our thruster, which is an 82-mm channel diameter laboratory Hall thruster operating at a discharge voltage and current of 200 V and 2.6 A, respectively. 8, 16 Currently, we assume both E and B are axisymmetric, although this constraint will be lifted in future simulations. A portion of the resulting plasma potential distribution used in our simulation is shown in Fig. 2 . Here, the radial coordinate is r = (x 2 +y 2 )
1/2 . The near-field magnetic field distribution used in the simulations is expected to be dominated by the externally applied field of the thruster's magnetic circuit. Induced magnetic fields (steady or fluctuating) generated by currents within the plasma are neglected. We use FEMM (Finite Element Method Magnetics 17 ) -a finite element magnetic solver in which we have built a model of the magnetic circuit of the thruster studied here, to obtain this externally applied magnetic field distribution, as shown in Fig. 3 .
In the simulation, electrons released from a point-source cathode are tracked until they exit the simulation domain, which extends axially (z) from the exit plane to 300 mm (over six times the radius of the outer channel) and radially (r) from the central axis to 300 mm. The particles are tracked using a fourth-order Runge-Kutta integrator 18 for the equations of motion, but various other methods have been tested for comparison. 19 An adaptive time-step is used, with the timestep selected to be 1% of the local electroncyclotron orbital period, unless otherwise noted. This time step affords a high degree of accuracy in regions of strong magnetic field, while greatly enhancing the speed of the calculation when the electrons travel away from the exit plane where the magnetic field strength drops rapidly. The E and B fields were prescribed on spatial grid points every 1 mm giving 300 axial points and 300 radial points for a total of 90,000 points. As the particles move through the domain, at each time-step the fields at the exact location of the particles are interpolated from the four surrounding grid points (two points bracketing the location radially and two axially).
III. Results
In this paper, we take the x-, y-, and zaxis to be oriented as in Fig. 1 . The point (x, y, z) = (0, 0, 0) mm is located at the intersection of the central axis with the exit plane. For all of the results of computations shown below, the cathode was placed in the domain at (x, y, z) = (80, 0, 20) mm as this is the actual experimental placement for the Hall thruster simulated. Electrons are released from the cathode with an initial speed sampled from a 1000 K Maxwellian speed distribution; their initial direction is sampled from a Gaussian distribution (with the most-likely angle being along the cathode centerline defined by θ, see Fig. 1 ). We take θ = 135° and the standard deviation of the angular spread of the electrons to be 30°. In the present simulation, the detailed physics of the cathode discharge are not modeled. Electrons emitted from the cathode are given an additional energy "kick" along their initial direction with a magnitude equal to the plasma potential at the point of emission. Collisions with the thruster surfaces are generally treated by re-emitting colliding electrons from the point of collision with a random direction and a speed sampled from a 500 K Maxwellian speed distribution, although a small subset of simulations considers the effects of specular collisions of varying degree (see section IV). The trajectories of 10 6 superparticles are studied throughout their lifetimes in the domain. For our discharge conditions, each superparticle represents approximately 2 x 10 12 electrons. Periodically, the position and velocity components of the particles are recorded to establish spatially resolved maps of the relative electron density, mean energy, and velocity distributions. In this paper, the simulation is evaluated for its ability to yield information concerning the electron transport in the near-field while matching typical values for the ratio of channel to beam current found experimentally. Figure 4 shows two sample trajectories for electrons emitted from the cathode (one which leaves the domain in the plume and another which leaves the domain at the channel). Both of the particles shown in Fig. 4 strike the thruster; the plume-bound strikes only once while the channelbound electron strikes twice. The additional apparent reflections occur within the sheath and further downstream.
A. Trajectories, Reflections, and Current Ratio
Figs. 5a-c show the spatial distribution of particle flux (collisions/mm 2 /sec, on a logarithmic scale) resulting from physical collisions with the thruster, mirroring events in the sheath, and exit locations for electrons leaving the domain in the z = 0 plane, respectively. The channel and outer thruster boundary are indicated by black circles.
The distribution of the physical collisions shows that a large number of electrons strike the thruster near the central axis, with additional collisions occurring primarily in a single band on the center pole and ~5 bands on the outer portion of the thruster. On average, each electron collides with the thruster once every ~10 -6 seconds, with some electrons suffering multiple collisions while others suffer no collisions. The distribution of sheath reflections shows that virtually no electrons reflect off the sheath along the central axis (Fig. 5a shows that they instead 5 penetrate the sheath and physically strike the thruster). On average, each electron is mirrored within the sheath once every 1.1 x 10 -6 seconds, a rate slightly lower than the rate of physical collisions. The exit locations shown in Fig. 5c indicate that electrons frequently reach the channel near one of the edges of the annulus (e.g. near the outer channel boundary for x < 0). This is due in part to the fact that electrons are striking the thruster with relatively high energy but are reemitted with relatively low energy (as their post-collision speed is sampled from a 500 K Maxwellian speed distribution). These lowenergy electrons suffer repeated collisions with the thruster before trickling into the channel. The prominent band of electron exit locations which crosses the channel on an angle near x = 0 mm is a continuation of the arc within which many electrons are reflected from the sheath and off the thruster. Some of these electrons are funneled directly into the thruster through the combined effects of their momentum and the E and B fields present in this region, while others first suffer a collision with the thruster before reaching the channel.
The time that each electron spends within the domain is tracked, and the overall distribution is shown in Fig. 6 . The separate distribution for those electrons which end up in the channel is shown in red with circular data markers (those that end up in the plume make up the remainder). Once electrons traverse the domain boundary, it is assumed that they do not return into the computational domain. The mean lifetimes of electrons exiting the domain at the channel and in the plume are ~35 ns and ~130 ns, respectively, with an overall mean of ~120 ns. Only 1 in 9 electrons suffers a collision during its lifetime. Closer inspection of the collisional events reveals that ~71% of collisions are suffered by electrons bound for the channel, with the remaining 29% suffered by plume bound electrons. On average 75% of the electrons bound for the channel suffer a collision, with a mean time between collisions of 45 ns. In contrast, only 4% of plume-bound electrons collide during their residence in the domain, with 3.3 µs elapsing between collisions, on average. Therefore channel-bound electrons collide with the thruster nearly 10 3 times more frequently than plume-bound electrons. The ratio of the beam current (electrons leaving in the plume) to anode current (electrons which reach the channel) is 11.8%. These results are found to be robust to changes in time-step, varying by less than 4 ns and 2% for the mean lifetime and current ratio, respectively, until the time-step exceeds 10% of the local cyclotron period.
B. Position, Energy, and Identity Distributions
As the simulations were carried out, the position and velocity components of the electrons in the domain were cataloged once every 10 -9 s. This data is used to reconstruct spatial maps of electron density (i.e. the frequency of electrons present in a given volume) and mean energy, and to identify regions where present electrons eventually exit the domain in the plume (tagged with a numerical value of 2) or channel (tagged with a value of 1). This later property is referred to here as the electron "identity". After the simulation, the exit locations of all of the electrons are checked, and the catalogued positions and velocities are subsequently tagged with this identity. Results are presented in ten planar slices of the domain parallel to the exit plane. These regions have an axial thickness of 1 cm (with boundaries at 1 cm intervals between z = 0, 10 cm). The regions are composed of cells 1 cm on a side, extending in both the x-and y-directions between ±10 cm (giving a total of 400 cells per layer). Figures 7a-c show the electron number density (in cm -3 , on a logarithmic scale), average energy (in eV), and mean identity in these spatial layers. White areas indicate regions where no electrons were cataloged. The distribution is somewhat more homogenous nearer to the thruster (in part due to the collisions with the thruster occuring in this region) than just downstream of the cathode (although for z > 8 cm the distribution becomes somewhat more uniform). The effect of particlebackground gas collisions on smoothing this distribution is discussed later in section IV. Figure 7b indicates that the electrons possess elevated energy near the exit plane over the channel and further downstream along the central axis. This is somewhat expected, as the regions of plasma over the channel and along the central axis for z > ~2 cm are at elevated potential (see Fig. 2 ). These regions coincide approximately with 7 regions of the plasma that are highly luminous in the laboratory discharge simulated. The high-energy beam along the central axis indicates that few electrons which have suffered collisions (and thus an energy-shift) reach this region. The region directly over the channel shows a greater mix of relative energy values due to the mixed population of electrons (some suffering collisions, others not) in this region. Figure 7c confirms that few channel-bound electrons (which suffer more collisions, on average) are found for z > ~4 cm. Interestingly, there are regions of plasma directly above the channel within which all electrons present eventually leave the domain in the plume (i.e. for x = ~0 and y < -5 cm). Electrons which reach the central axis region invariably ended up reaching the plume. The nature of the magnetic field lines (see Fig. 2 ) in this region is conducive to such behavior since the field lines are converging here and are oriented axially (i.e. along z).
C. Velocity Distributions and Ratios
The relative rate of transport of electrons along E, B, and E x B lends insight into the transport mechanisms dominating in the domain. The velocity components in the E, B, and E x B-direction are referred to as V E , V B , and V ExB , respectively. The local mean value is represented by angled brackets, with a subscript of θ when the mean is With the exception of the region near (x, y) = (20, 20) mm, ‹V E › tends to be negative over the thruster itself and positive outside its boundaries. ‹V B › is very non-uniform, although it tends to be most positive in the second quadrant. Over the channel, E is predominantly outward from the channel, and electrons tend to be moving towards the channel at a relatively low speed. Figure 8c shows that there is a region of space (predominantly in the first quadrant and over the central pole of the thruster) in which the electrons are moving with high speed along the E x B direction.
A useful metric for quantifying transport is the local ratio of velocity components (i.e., β = V E /V ExB ). If β >> 1, the electron drift is predominantly in the direction of the local electric field, E. If β << 1, the electron drift is predominantly parallel to the local E x B direction. An area of particular interest is the region over the center of the channel near the exit plane, where E is directed axially outward, and B is directed radially inward. In this region, E, B, and E x B are mutually orthogonal. Here, classically, the ratio of their mean values, ‹V E ›/ ‹V ExB › → Ω Figure 10 shows the azimuthally averaged values, ‹V E › θ , ‹V B › θ , ‹V ExB › θ , and ‹β› θ , in the region of space defined by 3.6 cm ≤ r ≤ 4.6 cm at a variety of axial positions. In the figure, the center of the axial range considered is shown on the horizontal axis. We find that 
D. Collisions 1. Character of Collisions with Walls
Wall collisions are a necessary driver for transport as already evidenced in the velocity distributions and dynamics in channel-exit regions (see Section IV). The collisions in all of the results described above have been treated as diffuse; however, a subset of simulations was also carried out to ascertain how sensitive the results are to the collision treatment. In one extreme limit, we consider specular collisions (i.e. colliding electrons were re-emitted with their z-component of momentum reversed). Other sets of simulations considered collisions in which some fraction, 1 < ξ of the electrons undergo specular collisions, with the remainder diffuse. We generally find that the ratio of channel to plume current was found to be rather insensitive to the wall collision treatment with increasing fraction of specular collisions, maintaining a value near 0.1 until 8 . 0 ≥ ξ , at which point the current ratio rapidly dropped to below 0.04. Very few electrons seem to reach the channel when the collisions are all specular since many electrons reflect with sufficient energy to overcome E and exit the simulation domain. The electrons' lifetimes in the domain were less sensitive to the choice of ξ , increasing slightly from ~120 ns (diffuse) to ~125 ns (fully specular).
Background Gas Collisions
Up to this point, gas-phase particle (electron-neutral) collisions have not been considered. However, in order to understand the effect that such events may have on transport in the near-field, simulations were carried out in which scattering is taken to occur at a prescribed position-independent rate, ν e (with a statistical spread). Assuming ν e = nσV e (n is the background neutral particle number density, taken to be independent of position, σ is the momentumtransfer collision cross-section, and V e is the mean electron speed), then for typical conditions near the exit plane of a Hall thruster (n ≈ 10 , and V e ≈ 10 6 m/s) we expect ν e ≈ 10 4 s -1 . We find that the mean time between such collisions is ~100 µs. Distances further away from the exit plane should have a lower collision frequency (due to a diminishing background gas density), and so use of this value over the entire domain should be seen as an upper limit on the effect of scattering. Since the mean lifetime of electrons in the simulation is on the order of 0.1 µs, this collision rate is not expected to significantly impact the results. Simulations were carried out with a much larger rate, to qualitatively ascertain what effect such an artificially-high rate of collisions will have on transport. The mean time between collisions is taken to be 100 ns (a rate nearly 10 3 times greater than that expected) with a standard deviation of 30 ns.
The additional gas-phase collisions, albeit at this exaggerated rate, is found to increase the fraction of electrons reaching the channel from 11.8% to a mere 13.6% while the mean residence time in the domain increased from 119 ns to 144 ns. The increased lifetime by the addition of collisions seems contradictory at first, but is due to the fact that only plume-bound electrons (with a mean lifetime of 167 ns) generally suffer gas-phase collisions since channel-bound electrons have an average lifetime that is much shorter (35 ns) than the assumed time between collisions. We find that plume-bound electrons suffer a collision during their migration out of the domain and the effect of a collision is likely to cause it to scatter back into the domain, thus increasing the lifetime. The additional collisions do slightly change the azimuthally-averaged velocity ratio, ‹β› θ , in the region 3.6 cm ≤ r ≤ 4.6 cm and 0 cm ≤ z ≤ 10 cm from an overall mean value of 0.41 (without electron-background collisions) to -0.42. These collisions also lead to a slightly smoother density distribution; however, the distribution of electrons remains significantly asymmetric, even with the artificially-high gas-phase collision frequencies considered. We surmise that with a realistic collision frequency, the effects would have been negligible. We conclude therefore, that an additional mechanism may be needed to homogenize the plasma density (and other properties), since time-average measurements of plasma properties seem to be generally independent of azimuthal position 20 . One mechanism that is likely to influence the azimuthal uniformity and to affect transport in the near-field is electron scattering from field fluctuations. Fluctuations in plasma potential have been found to occur in the near-field of Hall thrusters 15, 21, 22 . Simulations which consider electron trajectories in the presence of large-scale helical fluctuations seen recently in the near field of Hall thrusters 15 will be presented in a future publication.
IV. Discussion and Summary
Despite ignoring field fluctuations in carrying out these simulations, the observed ratio of electron channel to plume current is 0.118, consistent with typical experimental values of O (0.1). The distribution of electrons as well as their average energy has been catalogued, and together these results show that, for the field distribution investigated, the central axis of the near-field region tends to be occupied by electrons of high energy. The distribution of high-energy electrons is qualitatively consistent with the luminous regions seen in the near-field plasma of Hall thrusters. Electrons near the central axis are generally ejected into the plume. Collisions between the electrons and the thruster are concentrated along the central axis and in several arcs sweeping outward from the outer channel boundary. The distribution of the electrons in the domain is influenced by the point-source cathode position, with little homogenization from E x B drift. Physical collisions with the thruster and mirroring events in the sheath lead to some azimuthal homogenization near the exit plane. The effect of potential fluctuations on smoothing the density distributions will be the subject of future research.
Collisions with the front-face of the thruster are found to be very important to the near-field transport with 75% of channel-bound electrons suffering a collision during their lifetime (at 10 3 times the rate that plume-bound electrons strike the thruster). For those electrons which collide with the thruster, we can estimate a random-walk diffusion coefficient as 4 m 2 /s). Therefore, the random-walk diffusion coefficient is greater than the expected Bohm diffusion coefficient by about an order of magnitude for channelbound electrons. In other words, the random-walk diffusion can easily account for the transport toward the anode seen in the near-field. Collisions are less important for transport away from the thruster as only 4% of these electrons suffer collisions with the thruster. We note that the finite domain studied here must be taken into consideration as some of the "plume-bound" electrons could return in a large-radii gyro orbit, depending on their momentum. Also, our simulations do not account for the possibility for the return of electrons that exit the domain into channel.
Over the channel (i.e. 3.6 cm ≤ r ≤ 4.6 cm) the azimuthally-averaged value of the ratio of The results are moderately sensitive to the character of the wall collisions (specular versus diffuse); treating collisions as specular results in a >50% reduction in the current reaching the channel compared to diffuse collisions. The effects of varying the sheath thickness and potential drop were not studied here, but may also have a similar effect on transport. Accounting for electron-gas phase collisions, even when considered at a rate 10 3 times that expected at the exit plane, did not change the results appreciably. The electron density remained azimuthally nonuniform; however, additional homogenization from azimuthal fluctuations often seen in coaxial Hall discharges 15, 21, 22 may lead to a more uniform plasma density. While sufficient cross-field transport of electrons can be achieved without invoking field fluctuations, future simulations will include these effects to better understand the potential role played by fluctuations in this near-field region.
